We investigate influences of the curved field-space metric of multi-field inflationary models on the squeezed bispectrum. The reduced bispectrum in squeezed limit is computed using the δN formalism.
Introduction
Cosmological inflation [1, 2, 3] is a successful paradigm for describing homogeneity and isotropy of the observable universe on large scales as well as the generation of the primordial cosmological perturbations which are seeds of large scale structures in the universe. Since inflation proceeds at energy scales which can not be recently reached in laboratories, inflationary models cannot be tested in laboratories and consequently varieties of inflationary models have been proposed from various theories of high energy physics and gravity. However, physical properties of inflationary models are encoded in predicted primordial perturbations which can be probed in observations of Cosmic Microwave Background [4, 5, 6 ] and large scale structure in the universe [7, 8] . Hence, features of the primordial perturbations can be used to discriminate between inflationary models and also test physics of the early universe.
In principle, there should exist a huge number of scalar fields in the early universe as predicted by theories of high energy physics such as supersymmetry or string theory [9, 10] . The kinetic term of scalar fields arising in high energy theory can involve a non-trivial metric of field-space [11] . Thus it is reasonable to study inflationary models in which inflation is driven by multiple scalar fields with curved field-space metric. Effects of the field-space metric on power spectrum and its spectral index have been studied in [12, 13, 14] . It has been shown that the curved field-space metric leads to a new contribution on spectral index in terms of the field-space Riemann tensor which can be order of usual slow-roll parameter. Bispectrum from multi-field inflationary model with curved field metric has been investigated in [15, 16] using covariant formulae for field perturbations and extenstion of the δN formalism [12, 13, 14, 17] . Based on the covariant formulae, scale dependence of reduced bispectrum receives contributions from the field-space metric in terms of field-space Riemann tensor and its derivatives [18] .
Due to the conservation of momentum, tree wave vectors of the perturbation modes relevant to the bispectrum sum to zero, i.e., they form a triangle in Fourier space. For a simplest configuration, these wave vectors have the same length so that the equilateral triangle is formed, and hence the bispectrum is in the equilateral limit. Studies of bispectrum from inflationary models with nontrivial field metric mentioned in the previous paragraph have been performed in the equilateral or near equilateral limit. Here, we are interested in the bispectrum in the squeezed limit at which length of one wave vector is much smaller than the others. In our calculation, we use slow-roll approximation and suppose that slope of the field metric which is the derivative of the field metric with respect to fields is significantly small such that the contributions from the Riemann tensor of the field-space can be negligible. In order to investigate effects of curved field-space metric on squeezed bispectrum, it is more convenient to treat terms in the Lagrangian arising from field dependent parts of the field metric as usual coupling terms between fields and derivative of the fields [19] rather than using covariant formulae for field perturbations. Based on this point of view, the squeezed bispectrum for the case of curved field metric can be computed using approaches in [20, 21] which allow us to study bispectrum in highly squeezed limit.
This article is organized as follows. In Section 2, we review calculation of reduced bispectrum in squeeced limit using ∆N formalism. In section 3, we apply formulae in section 2 to compute squeezed bispectrum and associated spectral index of the halo bias for double inflationary model with nearly flat field metric. We give our conclusion in section 4. In appendices, calculations of some terms appearing in reduced bispectrum and spectral index of the halo bias are presented in detail.
Squeeced bispectrum in ∆N formalism

∆N formalism
In this section, we review essential formulae which are required for calculations of observable quantities from inflationary models using ∆N formalism. Based on the ∆N formalism, the curvature perturbations on uniform density hypersurfaces on large scales is equivalent to the perturbations of number of e-foldings N ≡ ln(a(t u , x)/a(t * )) needed to foliate from spatially flat hypersurfaces at time t * to uniform density hypersurfaces at time t u . Here, a(t) is a cosmic scale factor of the FriedmannLemaître-Robertson-Walker (FLRW) metric describing global expansion of the background universe, while a(t, x) ≡ a(t)e ψ(t,x) , where ψ(t, x) is the perturbation in spatial metric, presents the local expansion of the universe at x on large scales. Using the separate universe approach and slow-roll approximation, a local expansion of the universe can be written in term of the scalar fields ϕ I as a(t, x) = a(ϕ I (t, x)) [23, 24] . Thus the curvature perturbation on uniform density hypersurfaces can be expressed in terms of the perturbations in inflaton fields in slow roll limit as [12, 13, 14] 
where Latin indices I, J, K run over the field components, δϕ I denotes field perturbations on spatially flat hypersurfaces and N I (t u , t * ) ≡ ∂N(t u , t * )/∂ϕ I (t * ) is the derivative of the e-foldings of the background universe. The features of the curvature perturbations predicted from inflationary models can be presented in terms of the spectra which quantify the n-point correlation functions of the curvature perturbations in Fourier space as
where . . . denotes an ensemble average, P ζ (k 1 ) is the power spectrum and B ζ (k 1 , k 2 , k 3 ) is the bispectrum. From (1), the power spectrum of the curvature perturbations can be computed from the inflaton perturbations on spatially flat hypersurfaces as
Squeeced bispectrum
From the definition of bispectrum given in Eq. (3), the constraint from the delta function suggests that the wave vectors k 1 , k 2 and k 3 form a closed triangle. One of a possible configurations of the wave vector is a equilateral triangle which k 1 = k 2 = k 3 . This configuration is usually used in the calculation of the bispectrum by ∆N formalism. However, in this work, we are interested in the bispectrum in squeezed limit at which k 3 ≈ k 2 ≫ k 1 , so that the wave vector forms a "squeezed"
triangle.
In order to quantify magnitude of non-Gaussianity, the reduced bispectrum f NL is defined from the ratio between the bispectrum and the square of the power spectrum as
In the squeezed limit, the above equation becomes
The main contribution to the bispectrum in the squeezed limit comes from the correlation between the long wavelength perturbations and the power spectrum of the short wavelength perturbations on large scales [20, 21] . This correlation is a consequence of the modulation of the amplitude of the short wavelength perturbations by the long wavelength perturbations when the short wavelength perturbations exit the Hubble radius. Based on this conclusion, the squeeced bispectrum can be computed in ∆N formalism using the relation [21, 22] 
where subscripts L and S denote evaluation at the time when long wavelength perturbations with wavenumber k 1 and short wavelength perturbations with wavenumber k 2 exist the Hubble radius respectively. The perturbations are on spatially flat hybersurfaces when they exit the Hubble radius.
A specification of the Hubble radius exit time depends on definition of the scales of the perturbations.
In the ∆N formalism, it is convenient to parameterize time during inflation by the number of e-folding and defined the scale of particular perturbation mode by the number of e-folding at its Hubble radius exit time. For the forward formulation, the scales of two perturbation modes which subsequently exit the Hubble radius are defined by the number of e-folding realised between their Hubble radius exit [21] . Alternatively, in the backward formulation, the scale of particular perturbation mode are defined by the number of e-folding realised backwards in time between the end of inflation and a time at which the perturbation exits the Hubble radius. In the following calculations, the number of e-foldings at which the long and short wavelengths perturbation modes exit the Hubble radius are denoted by N L and N S , respectively. We suppose that the uniform density hypersurface is reached at the end of inflation at N = N u .
Squeezed bispectrum in multi-inflaton with curved field-space
We consider the multi-field inflation described by the action
where the reduced Planck mass is set to unity, R is the Ricci scalar of the spacetime, g is the determinant of the spacetime metric, Greek indices run over the spacetime components, G IJ is a non-trivial metric of field-space, and W (ϕ I ) is the potential of inflatons.
In the following consideration, We concentrate on two inflatons with the additive separable po-
where m φ and m χ are the mass of fields φ and χ which are constant. In the above equation, we have set ϕ I ≡ (φ, χ).
We choose to work with the metric
Here, λ 1 , λ 2 and p are the constant parameters. The parameters λ 2 and p parameterize deviation from the trivial constant metric and quantify slope of the above metric which becomes nearly flat when λ 2 is significantly smaller than unity. It can be seen from the action (8) that variation of λ 1 is equivalent to variation of the ratio m φ /m χ if λ 2 = 0. The advantage of using the above form of G IJ is that the constrained equation of two fields can be integrated analytically. Furthermore, this metric can represent the metrics used in [19, 25, 26] in the limit where the magnitude of parameters in those metrics is small.
Background evolution
Varying the action (8) with respect to metric tensor of spacetime, and inserting the FLRW metric
into the result, we obtain Friedmann equation which can be written as [27]
where a dot denotes derivative with respect to time, and a prime denotes derivative with respect to number of e-folding of the background universe. The evolution equation for the background field can be obtained by varying the action (8) with respect to the fields, which yields
where subscripts φ and χ denote derivative with respect to φ and χ respectively. Differentiating
Eq. (12) with respect to time, and inserting φ ′′ and χ ′′ from Eqs. (13) and (14) into the result, we can compute slow-roll parameter as
At the lowest order in slow-roll approximation, Eq. (12) gives 3H 2 ≃ W , and the above equations become
These equations are valid as long as |G φ | = λ 2 pφ p−1 is sufficiently smaller than unity. The first integral of these equations gives the following constrained equation:
where (φ 1 , χ 1 ) and (φ 2 , χ 2 ) are any points in field-space. Substituting the expression for G(φ) in Eq. (10) into the above equation, the relation between the fields φ and χ along trajectories which pass a point (φ 1 , χ 1 ) in the field-space is
where
Inserting φ ′ and χ ′ from Eq. (16) into Eq. (15), we can write the slow-roll parameter in an approximated form as
Using Eq. (16), the forward number of e-folding for the background universe realised between times t 1 and t 2 with t 2 ≥ t 1 can be computed as
where (φ 1 , χ 1 ) and (φ 2 , χ 2 ) are points in the field-space at time t 1 and t 2 , respectively. The backward number of e-folding between times t 1 and t 2 can be computed from the above equation by inserting minus sign on the right-hand side of the equation. Setting φ 1 and χ 1 to be φ i and χ i where φ i and χ i are the initial values of φ and χ, the above integration can be expressed in terms of the hypergeometric function 2 F 1 (a, b; c; z) as
In our consideration, the total number of e-folding is always set to 85 and m φ = 9 × 10 6 GeV = 9m χ .
The field φ dominates dynamics of the universe during initial stage of inflation, and χ becomes dominant afterwards until the end of inflation. For the case of flat field-space, the inflation ends at χ = √ 2 and φ ∼ 0. In this case, we have λ 2 = 0, so that 2 F 1 ≃ 1, and hence Eq. (22) yields φ i = χ i = 13. For the case of the curved field-space, χ i is still set to be 13, while φ i is set such that total number of e-folding is 85. Since for the case of curved field-space, φ also drops to zero when χ becomes dominant, G(φ) → λ 1 and consequently Eq. (20) yields χ = 2/λ 1 at the end of inflation. In figure (1) , we use Eq. (18) to plot the trajectories of φ and χ in field-space for various values of parameters. From the plot, we see that φ → 0 at the end of inflation, which follows from Eq. (18) that if r ≫ 1, the value of the field φ at the end of inflation can be extremely smaller than the value at the initial stage of inflation. From Eq. (21), we see that λ 1 can enhance the number of e-folding for a given initial value of χ, so that the initial value of φ reduces when λ 1 increases. The enhancement of λ 2 and p do not significantly alter the initial value of φ. Since φ drops towards zero when χ starts to dominate dynamics of inflation, the parameters λ 2 and p have no significant effect on dynamics of inflation when χ completely dominates.
Squeezed bispectrum
For multi-field inflationary models, the power spectrum of the field perturbations at the Hubble radius exit in the slow roll approximation is [12] 
where H and G IJ are evaluated at the Hubble radius exit. Inserting the above equation into Eq. (4) and substituting the result into Eq. (7), we get
where a subscript ,K denotes derivative with respect to ϕ K . In order to compute f
NL for model of interests, we insert the expressions for the potential and metric given in Eqs. (9) and (10) into the above equation. We compute the expressions for N I , N IJ and ∂ϕ
Since we are interested in f NL at the end of inflation at which φ(t = t u ) → 0, we compute f NL in the forward formulation is rather complicated. However, in our consideration f (s) NL in the forward formulation can still be written in terms of that in the bakward formulation through the consistency
where n s is the spectral index of the powerspectrum evaluated at N S , which is computed as
The relation on the third equality agrees with the result in [12, 18] at the lowest order in slow-roll parameter when |R IJKL | ≪ 1 for all components. Here, R IJKL is the field-space Riemann tensor.
In this situation, ∂G/∂φ can still have contributions on n s and f
NL because ∂G/∂φ is larger than |R IJKL | according to the following consideration. Let us consider the ratio
Based on our field-space metric, we have C ∼ 1/φ when p ≥ 2 and C ∼ λ 2 when p = 1 for all components of R IJKL . To ensure that the field-space is nearly flat, λ 2 is set to be less than unity.
Thus the non-trivial part of the field-space metric can give significant contribution to the observable quantities when φ is sufficiently larger than unity. As a result, the ratio C is always less than unity in our consideration.
Inserting the expressions for N IJ and N I from the appendix (Appendix A) into the above equation, we get
where the expressions for the coefficients D n and C n i are given in appendix (Appendix B. From figure (2), we see that peak position of f NL is modified when p > 1.
The shape of f NL is characterized by the spectral indices which describe how it depends on scales or wavenumber. For squeezed bispectrum, the dependence of k 3 1 B ζ (k 1 , k 2 , k 2 ) on the squeezed wavenumber k 1 influences spectral index of the halo bias, n δb [28] through the relation n δb ≡ n sz − (n s − 1) [20, 29] . Here, n s is the spectral index of the power spectrum at k 1 , and n sz is the tilt of the squeezed bispectrum with respect to k 1 . The spectral index n sz can be computed by The squeezed bispectrum B ζ (k 1 , k 2 , k 2 ) can be computed by substituting Eqs. (23) and (24) into Eq. (6) . Inserting the obtained B ζ in the above equation, we get
The spectral index of the power spectrum at k 1 is computed from the relation n s − 1 =
which is obtained from Eq. (27) by evaluating this equation at N L instead N S . The explicit expressions for n sz and n δb in terms of the fields φ and χ as well as their potential and G(φ) can be computed using the expressions in the appendices (Appendix A) and (Appendix C). Nevertheless, their expressions are rather complicated. Hence, we do not present there expressions here, but plot them for varius values of parameters in figure (6) . From the figure, we see that the maximum value of |n δb | for the case p > 1 can be 2 -4 times larger than that for the case of flat field-space metric, which could be observable in future servays [30, 31] . 
Conclusions
In this work, we investigate effects of the curved field-space metric in multi-field inflationary model on squeezed bispectrum. Based on the slow-roll approximation and the assumption that the slope of the field-space metric is nearly flat, we compute reduced bispectrum in squeezed limit and corresponding spectral index of the halo bias for both the backward and forward formulations using δN formalism. According to our analytic expressions for the reduced bispectrum, the effects of the nearly flat field-space metric on reduced bispectrum depend on ∂G/∂φ, i.e., slope of the field metric, and δ N defined in Eq. (A.13). We find that the amplitude and shape of the reduced bispectrum can be altered compared with the flat field-space metric by these two quantities. The modification of the reduced bispectrum due to these two quantities leads to spectral index of the halo bias with amplitude larger than that for the flat field-space metric model by factor 2 -4. This feature of the curved field-space metric could leave observational imprints in future galaxy surveys.
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Appendix A. Calculations of N I , N IJ and ∂ϕ
In order to compute N I , we set t 1 and t 2 in Eq. (21) to be times at which the specific perturbations modes are on the spatially flat and uniform density hypersurfaces respectively. Thus we have
where subscripts * and u denote evaluation at the time when perturbations are on the spatially flat and uniform density hypersurfaces. Differentiating the above equation with respect to φ * and χ * , we get
The derivative of fields at t = t u with respect to fields at t = t * can be computed from Eq. (17) and the condition δρ = 0 on uniform density hypersurfaces. Setting (φ 1 , χ 1 ) and (φ 2 , χ 2 ) in Eq. (17) to be (φ * , χ * ) and (φ u , χ u ), and differentiating the result with respect to φ * and χ * , we get
On the uniform density hypersurfaces, there are no perturbations in energy density δρ = 0, so that if the slow roll approximation is assumed, we have δρ ≃ δW = U φu δφ + U χu δχ and therefore
Solving the above four equations, we obtain
(A.7)
In order to evaluate the integration terms in Eqs. (A.2) and (A.3), we express the field-space metric G in terms of χ by inserting Eq. (18) into Eq. (10) as
Setting (φ 1 , χ 1 ) = (φ * , χ * ), and differentiating this equation with respect to φ * and χ * , we respectively get
Inserting the above relation into the integration terms in Eqs. (A.2) and (A.3) and performing suitable integration by parts, we can write the integration terms in terms of the number of e-folding given Eq. (A.1) and obtain
where we have used df φ /dφ s = pλ 1 f φ /(φ * G * ) and
The number of e-folding N * in the above equation is given by Eq. (A.1). It is clear that δ N = 0 when the curvature in field-space disappears, i.e., λ 2 = 0. From figure (1) , we see that φ → 0 at the end of inflation. Since we are interested to evaluate f NL at the end of inflation, we set t u to be a time at the end of inflation, so that we have φ u ∼ 0 and therefore the above equations become
where we have insert the expressions for U and V from Eq. (9) into the above equation.
Appendix A.2. N IJ
Since we are interested in the case φ u ∼ 0, N IJ can be computed by differentiating Eq. (A.14)
with respect to φ * and χ * and the results are
We first set (φ 1 , χ 1 ) and (φ 2 , χ 2 ) in Eq. (17) to (φ L , χ L ) and (φ S , χ S ). Differentiating the result with respect to φ L and χ L , we respectively get
In order to solve the above equations for ∂ϕ Hence, we have
Differentiating the above equations with respect to φ L and χ L , we get .20) Expressing the integrations in the above equations in terms of the number of e-folding and solving 
where 22) where N LS ≡ N L − N S which is given in Eq. (A.18), while δ N L and δ N S are given by Eq. (A. 13) with (φ * , χ * ) = (φ L , χ L ) and (φ * , χ * ) = (φ S , χ S ) respectively. Substituting the expressions for the potentials from Eq. (9) into Eq. (A.21), we get
(A.23)
When the expressions for the potentials are inserted into Eq. (A.22), we have
Using Eq. (22), the above equation can be written as
where 
and N S is given by Eq. (A.27). Using φ u ∼ 0 and the expressions for the potentials from Eq. (9), we get U u ∼ U φu ∼ 0 and consequently the above equations give
Substituting the expressions for the potentials from Eq. (9) into the above equation, we obtain 
where φ u ≪ 1 has been used. The coefficients in Eq. (25) are given by 
Using Eq. (A.8) to write G(φ S ) in the form
we get
Substituting the above relation into Eq. (C.1) and performing an integration by parts similar to that for the last term in Eq. (A.2), we obtain
From Eq. (C.2), it can be shown that
Using the above relation and the same calculations as for Eq. (C.4), we get
Performing similar calculations as above, one can show that
